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INJECTIVITY OF OPERATOR SPACES

ZHONG-JIN RUAN

ABSTRACT. We study the structure of injective operator spaces and the existence
and uniqueness of the injective envelopes of operator spaces. We give an easy
example of an injective operator space which is not completely isometric to any
C*-algebra. This answers a question of Wittstock [23]. Furthermore, we show
that an operator space E is injective if and only if there exists an injective
C*-algebra 4 and two projections p and ¢ in 4 such that F is completely
isometric to pAq .

1. INTRODUCTION
Let E be a vector space over the complex numbers C and M, (E) the space
of n x n matrices with entries in E. We write
(E)

n+m

X®y= [g 2] eEM

n n
ax=|Y a;x;| and xa=|> x,a,|€M,(E)
j=1 j=1

for x =[x;]€ M,(E), y=[y;1€ M, (E) and a =[o;;]€ M,(C).

An m.n. space (matricially normed space) is a vector space E together with
anorm || ||, on each M, (E), which satisfies:

@ llx @O0l = lIxll,

(ii) flowxll, < llel[1xll, and |xall, < [lx],le
for all a € M, (C), x € M,(E) and the zero element 0 € M, (E). We use the
notation (E,{|| ||,}), or simply E. An m.n. space is L™ if it satisfies

(L%) X @Yy = max{[lxl,, Y]], } -
An m.n. space is L? (1 < p < oo) if it satisfies
14 _ p p\l/p
(L) x@yllypm = Uxlly +¥l5) " -

Remark. Notice that our definition of m.n. spaces is different from that in Effros
[5] and that in Wittstock [23]. According to our notation, the matricially normed
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space defined in [5] is a vector space with a norm || ||, on each M, (E), and
the matricial normed space defined in [23] is an L°°-m.n. space.

Let E and F be m.n. spaces and ¢: E — F a linear map. We can define a
linear map ¢,: M, (E) — M, (F) by letting

¢n([x,‘j]) = [d)(x,‘j)]
for [x;1€ M,(E). Write
l¢ll., = sup{ll¢,ll;n € N}.

We call ¢ a completely bounded map if ||§||., < oo, a complete contraction if
l#ll., <1 and a complete isometry if each ¢, is an isometry.

Let B(H) be the space of all bounded linear operators on a Hilbert space H
with the operator norm defined by

x| = sup{|Ix¢ll; & € H, [I<] < 1}

Identifying M, (B(H)) with B(H") where H" = H® --- ® H, we obtain a
natural operator norm on each M, (B(H)). This family of norms {|| ||} over
B(H) is called an operator matricial norm on B(H) . A linear subspace of B(H)
with the above operator matricial norm is called a concrete operator space. An
m.n. space E is called an abstract operator space, or simply an operator space
if E is completely isometric to a concrete operator space.

It is obvious that operator spaces are L°°-m.n. spaces. Ruan [18] showed
that an m.n. space E is an operator space iff £ is an L°-m.n. space. This
gives a matricial norm characterization of operator spaces. For our convenience,
we will regard the words “operator spaces” and “ L°°-m.n. space” as the same
notation.

In classical functional analysis, we are interested in studying the properties
of normed (Banach) spaces and bounded linear maps between these spaces. It
is known that every normed (Banach) space can be canonically embedded into
C(Q), where Q is a compact Hausdorff space and C(2) is the space of all
continuous functions on Q. If Q is a stonean space (cf. [2, §7]), then C(Q)
is an injective Banach space. Furthermore, Nachbin [14], Goodner [7] and
Kelley [12] (Hasumi [10]) have proved that a real (complex) Banach space is
injective if and only if it is linearly isometric to C(2) for some stonean space
Q. The existence and uniqueness of the injective envelopes of Banach spaces
were studied by Cohen [4].

In quantized functional analysis, we consider operator spaces and completely
bounded maps between these spaces. The Arveson-Wittstock Hahn-Banach The-
orem has shown that B(H) is an injective object in the category of operator
spaces and complete contractions, i.e. B(H) is an injective operator space. Thus
every injective C-algebra is an injective operator space. Choi and Effros [3]
showed that an operator system is injective in the category of operator systems
and completely positive maps if and only if it is completely order isomorphic
to an injective C™-algebra. In [23], Wittstock asked a question: “Does there
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exist an injective operator space (i.e. an injective L°°-m.n. space), which is not
completely isometric to an injective C*-algebra?”

In this paper, we study the structure of injective operator spaces and the
unique existence of the injective envelopes of operator spaces. We give an
example of an injective operator space which is not completely isometric to
any C"-algebra (Theorem 4.3). This gives a negative answer to Wittstock’s
question. In general, an injective operator space is a triple subsystem of a C"-
algebra (cf. Youngson [24]). Indeed, we show in Theorem 4.5 that an operator
space E is injective if and only if there exists an injective C*-algebra 4 and
two projections p and ¢ such that E is completely isometric to pAq . Finally
we show in §5 that for every operator space E , there exists an essentially unique
injective envelope of E . Our proof of this result is inspired by Hamana [9].

This paper is a part of my Ph.D dissertation at UCLA. I wish to express my
deepest gratitude to my advisor, Professor Edward G. Effros, for his guidance
and encouragement throughout this work. I also wish to thank the referee for
his many valuable suggestions. Finally, I want to acknowledge that this research
was supported by the Alfred P. Sloan Foundation, Grant DD-100.

2. MATRICIALLY SEMINORMED SPACES

Definition 2.1. Let E be a vector space and p, a seminorm on M, (E) (n €
N). (E,{p,}) is called an m.s.n. space (matricially seminormed space) if it
satisfies the conditions (i) and (ii) in §1, i.e.

(i) Ppy(x ©0) = p,(x),

(if) p,(0x) < llallp,(x) and p,(xa) < [lallp, ()
forall a € M,(C), x € M,(E) and 0 the zero element in M, (E). The family
of seminorms {p,} is called a matricial seminorm on E. An m.s.n. space is
called an LP-m.s.n. space (1 < p < oo) if it satisfies the L”-condition.
Proposition 2.2. Let (E,{p,}) be an m.s.n. space and K, = kerp, , the kernel
of p,- Then K, = M (K,) for each n€ N .
Proof. Let [x;]€ K, . Then

0
pl(xij)=pl [0"'1"‘0][xij] 1 Spn(lxij]):o'
0
Hence pl(x,.j) =0 and X, €K,.

Conversely if x;; € K, we have p,([x;]) < Z;’J=]pl(x,.j) = 0 and thus
[x;]1€K,. Therefore K, = M, (K,). O

Identifying M, (E/K)) with M, (E)/K,, we may define a norm || ||, on
each M, (E/K,) by letting

"[Y,'j]”p,, = pn([x,'j])
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where X, ; is the corresponding equivalence class in E/K, . It is easy to see
that the quotient space E/K, with the matricial norm defined above is an m.n.
space. Furthermore if (E,{p,}) is an L’-m.s.n. space, then (E/K,,{| ,,})
is an L?-m.n. space.

Suppose that E and F are two m.n. spaces and ¢: E — F is a complete
contraction.

Example 2.3. For each n € N, we define a seminorm pf on M, (E) by

pl(x) = 6,0,

for x € M, (E). Then (E, {pf}) is an m.s.n. space with pf(x) < ||x||, for all
x €M (E).If F isan L”-m.n. space, then (E, {pf}) is an L”-m.s.n. space.
Proof. 1t follows easily from the definition.

Example 2.4. Suppose that F is an m.n. subspace of E. For each n€ N, we
define a seminorm qf on M, (E) by
k
<————¢" * B ¢") (x)

for x € M, (E). Then (E, {qf:}) is an m.s.n. space with qf(x) < x|, forall
xeM/(E).If E isan L®-m.n. space, then (E,{q:f}) is an L°°-m.s.n. space.

q,‘f (x) = lim sup

k—o00

n

Proof. Given x € M,(E) and 0 the zero element in M, (E), we have

k
. | Bpom+ -+
dpom(x®0) = kll»rgo sup ( L % = (x @ 0)

n+m

k PR k
kl-i—urgo sup (?ﬁ_kﬂl) (x) ® (d’m_-"k'k;’sr") (0)

k
lim sup (?-"ik—"Lﬁ) (x)

k—o00

n+m

n

For x € M, (E) and a € M, (C), we have

k
(¢,, + - + ¢,,) ()

e k
(¢" . k__+ ¢") (x)

¢ .
q,(ax) = kllngo sup

< |lef| lim sup
k—o0

n

= [lallg?(x) .

Similarly, we have q,‘f(xa) < ||a||qf(x). Hence (F, {q,‘f}) is an m.s.n. space.
If E isan L°-m.n. space, then F is also an L*-m.n. space. For x € M, (E)
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and y € M, (E), we have

¢ T
pym(X ©y) = lim sup

k
(¢n+m + T +¢n+m) (x®y)

. ¢+ + ¢
o ()]
k
4)

k
(¢,, + k + ¢,,) )

lim sup
k—o0

n+m

b

b

)
(=)o) )

=max<{ lim sup
k—o00

= max{q} (x), 4}, (")}
Hence (E,{q’}) isan L®-m.s.n. space. O

Now we consider the Arveson-Wittstock Hahn-Banach Theorem for L°°-
m.s.n. spaces.

Theorem 2.5. Let (E,{p,}) be an L*-m.s.n. space, (F,{p,}) an L=-m.s.n.
subspace of E and ¢: F — B(H) a linear map such that ||¢,(x)|, < p,(x)

for all x € M, (F) and n € N. Then there exists a linear map ¢: E — B(H)
which extends ¢ and ||$,(x)||, < p,(x) for all x € M,(E).

Proof. Let K, =kerp,. Then (E/K, {|| |, }) isan L*-m.n. space. By linear
algebra, we may identify F/(FNK,) with (F+K,)/K, . Hence (F/(FNK,),
{Il'll,,}) can be regarded as an L*-m.n. subspace of E/K,. We define a map
y: F/(FNK,) = B(H) by y(X) = ¢(x) for X € F/(FNK,). The map
y is well-defined since the kernel of ¢ contains F N K, . For each [X,; j] €
M, (F/(FNK,)), we have

1, (0% DI, = 16, (Lx; DI, < 2y (Lx1) = N0%0,, -

Hence y: F/(F N K,) — B(H) is a complete contraction. By the Arveson-
Wittstock Hahn-Banach Theorem (cf. Theorem 4.2), there exists a completely
contractive map ¥: E/K, — B(H), which extends y and preserves the cb-
norm. Let zn: E — E/K, be the natural quotient map and let ¢ =Y on: E —
B(H). Then ¢ extends ¢ and we have

18, (0x;,Dll,, = (@, 0 =) (%, DM, < MM, = £, (Lx,1)
for all [x;]e M,(E). O




94 ZHONG-JIN RUAN

3. MINIMAL E-PROJECTION OF B(H)

The main result (Theorem 3.4) of this section is to show that “For ev-
ery operator space E contained in B(H) and a minimal L*-matricial E-
seminorm {p,} on B(H), there exists a minimal E-projection ¢ of B(H)

with {pf} = {p,} 7. This result is motivated by Hamana [9] and will play a key
role in the study of the injective envelopes of operator spaces.

Definition 3.1. Let B(H) be the space of all bounded operators on a Hilbert
space H. A linear map ¢: B(H) — B(H) is called a completely contractive
projection if ||@||.,, < 1 and ¢2 = ¢. Let E be an operator space contained
in B(H). An E-projection of B(H) is a completely contractive projection
¢: B(H) — B(H) such that ¢(x)=x forall xe€ E.

Let Eg( wy be the set of all E-projections of B(H). Then Eg( H) is nonempty.

Define a partial ordering on Eg( ) DY saying

w=<¢ ifandonlyif wod=¢doy=y.
A minimal E-projection of B(H) is an E-projection of B(H) which is minimal
under this partial ordering.

Definition 3.2. Let E be an L®-m.n. space and F an L°-m.n. subspace of E .
An L*-matricial seminorm {p,} on E is called an L>-matricial F-seminorm
if it satisfies:

M p,(x) < |Ixll, forall x € M,(E),

(II) p,(x)=|x|l, forall xe M, (F).

Let I"; be the set of all L°°-matricial F-seminorms on E. Then l"; is
nonempty. Define a partial ordering on l"; by saying

{p,} ={q,} ifandonlyif p, (x)<gq,(x)

forall xe€ M, (E) and ne N.

Let E be an operator space contained in B(H) and ¢: B(H) — B(H) a
complete contraction such that ¢(x) = x for all x € E. Then the matricial
seminorms {pf} and {qf} in Example 2.3 and Example 2.4 are L°°-matricial

E-seminorms on B(H) and it is easy to see that {qf } < {pf} .
Proposition 3.3. The partially ordered set l"g must have at least one minimal
element.

Proof. Suppose that {{p;’,};”;]}./E A
function p, on M, (E) defined by

. . .. F .
is an arbitrary chain in I';. Consider a

p,(x) = inf{p(x);7 € A}
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for x € M, (E). It is easy to see that for each n € N, p, is a seminorm
on M, (E) which satisfies (I) and (II) in Definition 3.2. For x € M, (E) and
y € M, (E), we have

Ppm(x®y) =inf{p)  (x®y);y € A}
= inf{max{p} (x),p],(»)};7 € A}
= max{inf{p(x);y € A}, inf{p],(v);y € A}
= max{p,(x),p,,(»)}-

For a€ M, and x € M, (E), we have
p,(ax) = inf{p] (ax);y € A}

< llell inf{p, (x); 7 € A}
= |le|lp,(x) -

Similarly, we have p,(xa) < ||a||p,(x). Hence {p,} is an L*-matricial F-
seminorm on E such that {p } < {p,y,} for all y € A. By Zorn’s lemma, the
partially ordered set l"; must have a minimal element. O

A minimal element in the partially ordered set l"; is called a minimal L*-
matricial F-seminorm on E .

Theorem 3.4. Let E be an operator space contained in B(H). For every mini-
mal L*-matricial E-seminorm {p,} on B(H), there is a minimal E-projection

¢ of B(H) with {p}} ={p,}.
Proof. Let id: E — B(H) be the inclusion map. Then we have

Iid, (), = llxl, = p,(x)

for al x € M,(E) and n € N. By Theorem 2.5, there is a linear map
¢: B(H) — B(H) which extends id such that

#, (), < p,(x) < x|,

for all x € M, (B(H)) and n € N. Then {pf} and {qf} are L -matricial
E-seminorms on B(H) such that

@Y= wy=,)

This implies that {qf } = {pf,’} = {p,} since {p,} is a minimal element in
E
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Next we want to show that ¢ is a minimal E-projection of B(H). Since

lg(x) = 62O, = llp(x — SO,
=p’(x - ¢(x)) = ¢*(x - $(x))

k
(‘“—ki) (6~ 9(x)

1

1

forall x € B(H) we get ¢2 = ¢ and ¢ is an E-projection of B(H). Let y be
an arbitrary E-projection of B(H) with y < ¢. We have {q,'f’ }= {pf} ={p,}-
Then

l$(x) = w(x)ll, = lp(x) = o w (X, = ld(x — W),
=plx—yx) =g’ (x-y(x)=0

for all x € B(H). Therefore ¥ = ¢ and ¢ is a minimal E-projection of B(H)
with {p?}={p,}. O

4. INJECTIVE OPERATOR SPACES

Definition 4.1. Let E be an operator space. E is called an injective operator
space if for every operator space F , every operator subspace F;, of F and every
completely bounded map ¢: F, — E, there exists a linear map ¢: F - E such
that @l = ¢ and (Bl = 4.,

The following theorem is due to Wittstock [22 and 23]. It is called the
Arveson-Wittstock Hahn-Banach Theorem. Haagerup [8], Paulsen [15 and 16],
and recently Effros-Ruan [6] have given different proofs of this result.

Theorem 4.2. Let E be an operator space contained in a unital C*-algebra
A and ¢: E — B(H) a complete contraction. Then there exists a complete
contraction ¢: A — B(H) such that ¢|. = ¢ and ||9||., = ||#ll,, -

Remark. The Arveson-Wittstock Hahn-Banach Theorem fails for general m.n.
spaces. We have shown in [6] that there exist L'-m.n. spaces F C E and a
completely bounded map ¢: F — M,(C) so that ¢ cannot be extended to a
completely bounded map ¢: E — M,(C) with ||8]|., = ||¢3||Cb .

From the Arveson-Wittstock Hahn-Banach Theorem, we know that B(H) is
an injective operator space for arbitrary Hilbert space H. Then an operator
space E contained in B(H) is injective if and only if there exists a completely
contractive projection ¢ from B(H) onto E. This implies that injective op-
erator spaces must be norm closed. Obviously, every injective C*-algebra is
an injective operator space. Furthermore if 4 is an injective C-algebra and
D,q are projections in A4, then pAgq is again an injective operator space. In
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particular, we know that B(H ,K) is an injective operator space, where H and
K are Hilbert spaces. Our next theorem gives a negative answer to Wittstock’s
question [23, Problem 5.1].

Theorem 4.3. There exists an injective operator space E which is not completely
isometric to any C"-algebra.

Proof. Let E = {[g(’;] ,a,b € C}. It is easy to see that E is an injective
operator space contained in M,(C). Consider F = {[g 8] ,a,b € C}. Then
F is also an operator space. Let 6: F — E be the transpose map defined by

a 0 a b
o([3 o])=[5 o]
Then 6 is an isometry. On the other hand, for

S ] eanomcon,

0 0
we have
E, E, =1
0 0 ],
but
0 E, E, _IEn Ep2 =22
2 0 0 3 0 0 [|f,

Therefore we get [|6], = [16,]| > 2'/* (cf. Smith [19]).

Suppose that E is completely isometric to a C*-algebra 4. Since dimA4 =
2, we must have that 4 is *-isomorphic to C & C. Thus A4 is a commuta-
tive C’-algebra and we have |||, = ||6]| = 1 (cf. Loebl [13, Lemma 1]), a
contradiction. Thus E cannot be completely isometric to any C*-algebra. O

If E is an operator space contained in B(H), then there exists a minimal
E-projection of B(H) (Theorem 3.4). The following lemma shows that if we
choose such a minimal E-projection carefully, we can find two other unital
completely positive projections y,: B(H) — B(H) (i =1,2) so that the map

_|[w ¢]. .
<1>_[ ¢.' WZ].MZ(B(H)) M,(B(H))

is a unital completely positive projection.

Lemma 4.4. Let E be an operator space contained in B(H). Then there exists a
minimal E-projection ¢ of B(H) and two unital completely positive projections
v, (i=1,2) so that the map

®= [*”1 ¢ ]
¢ v,
is a unital completely positive projection.
Proof. Let LF = {(y".;);/l,u € C, x,y € E}. Then L® is an operator
system contained in M, (B(H)). We have an L*-matricial L -seminorm on
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M,(B(H)) which is minimal in the partially ordered set FM J(B(H)) (Proposition

3.3). Fixing such a minimal L®-matricial L®-seminorm {p,} on M,(B(H)),

there exists a minimal LE-projection ® of M,(B(H)) such that {p;p} ={p,}
(Theorem 3.4). We know from Arveson [1] that @ must be completely positive
since @ is a complete contraction with ®(1,) = 1, . By Stinespring’s Theorem
[20], there exists a Hilbert space K , a “-representation 7: M,(B(H)) — B(K)
with 7(1,) = 1x and an isometry V: H® H — K such that

q)([x,‘j]) = V*ﬁ([xjj])V
for all [x;;] € My(B(H)).
Let {E, j} be the usual matrix units in M,(B(H)). Then {%(E, j)} are matrix

units in B(K) which give a decomposition of K into K @ K. If we write
&, = 7(E, ) then ¢, is the projection onto K @ 0. Consider

n(x) =i((g g)) =&, T(x ® X)),

forall x € B(H). Then n: B(H) — B(K) isa *-representation with n(1) = 1
and we have 7 = n ® id, . Following the proof in [16, Theorem 2.7], we have
V¢, ®¢,) = V¢ @ V¢, for some isometries V;: H— K (i=1,2) and
O(x,;) = V' (7 ®idy)([x,, )V
=[5 )l sl vl
0 W] lmlxy) wlx,)] L0 W
_ [Vl‘n('xll)Vl Vl*n(XIZ)VZ}
Vym(x)V, ¥y m(xp,)V,
for all [x;]e M,(B(H)) . Therefore, we have
o5 ;]
¢ v,
where ¢ = Vl”nV2 is an E-projection of B(H) and y, = Vi‘nVi (i=1,2) are
unital completely positive projections from B(H) into B(H).

We need to show that ¢ is a minimal E-projection of B(H). Let E® =
¢(B(H)). Then E? is an injective operator space contained in B(H ). Suppose
that @, is another E-projection of B(H) such that ¢ 0¢ = pod,=¢,. Then
the injective operator space E® is contained in E®. Assume that by # -
Then E? isa proper subspace of E?. The identity map id: E® - E* can
be extended to a complete contraction T ': E? — E™ . Hence there exists an
element x, #0 € kerT.

Let LE = {(y*. ;) A, ueC, x,y€ E¢} . Then L® isan operator system
contained in M,(B(H)) and we consider a map V¥ LE - ,(B(H)) defined

¥ ([; ii]) = [(T(ly»* TLX)] '
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Then ¥ is a unital completely positive map since 7T is a complete contraction
(Paulsen [17, Lemma 7.1]). Therefore we have

“‘Pn([u,'j])"n < ”[u,‘j]"n = ||(D,,([uij])||n = pn([uij])

for all [u;] € Mn(LEw). We can extend ¥ to ¥: M,(B(H)) — M,(B(H))
such that _
I, ([, DIl < p,([,])

for all [u;] € M, (M,(B(H))) and n € N. Then {pf} is an L*-matricial
LE-seminorm on M,(B(H)) such that {p:’} < {p,}. It follows from the as-

sumption that
0 x
7 ([e §])-

AR ()|
=[5 %] =werro.

Then {pf} # {p,}. This contradicts the minimality of {p, }. Therefore we
must have ¢, = ¢ and ¢ is a minimal E-projection. O

and

In the following theorem, we study the structures of injective operator spaces.

Theorem 4.5. Let E be an operator space. Then TF AE :

(1) E is an injective operator space;

(2) there exists an injective C*-algebra A and two projections p,q € A such
that E is completely isometric to pAq .

Proof. (2) = (1) is trivial.

(1)=(2) We may assume that E is an injective operator space contained
in B(H). Using the same notations as in Lemma 4.4, we have a minimal E-
projection ¢ of B(H) and two unital completely contractive projections y,
(i=1,2) from B(H) into B(H) such that the map

®= [”’.' ¢] : My(B(H)) — M,(B(H))
¢ v,

is a unital completely positive projection. Then

A = ®(M,(B(H))) € M,(B(H))
with the multiplication defined by x-y = ®(xy) forall x,y € 4 is an injective
C*-algebra (cf. Choi and Effros [4]).
Consider p = ®(E,,) and ¢ = ®(E,,). Obviously, p and g are two pro-
jections in 4. Since E is an injective operator space and ¢ is a minimal
E-projection, we must have E = E?. Define a map T: E — pAq by

ro=r (3 §]0- [0 ]
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for all x € E C B(H). Thus T is a well-defined complete isometry. Notice
that

p.A.q=d>(E“M2(B(H))E2)=(D([g B‘f’]):[g b:].

This implies that 7 is onto. Deleting the dot notation for the product in A4,
we are done. O

S. INJECTIVE ENVELOPES OF OPERATOR SPACES

Definition 5.1. Let E be an operator space. An extension of E is a pair (Z ,k)
of an operator space Z and a completely isometric embedding x: E — Z . An
extension (Z ,x) of E is called injective if Z is an injective operator space.
An extension (Z ,x) of E is called an injective envelope of E if (Z ,k) is an
injective extension of E and id, is the only complete contraction (from Z
into Z ) which extends idx(E): k(E) — Z from k(E) to Z.

Remark. In the category of Banach spaces and contractive linear maps, the
existence and uniqueness of injective envelopes of Banach spaces were studied
by Cohen [4]. The original definition of injective envelopes of Banach spaces is
as follows:

Let E be a Banach space. An injective envelope of E is a pair (Z ,k) of an
injective Banach space Z and an isometric embedding x: E — Z such that
the only injective subspace of Z containing x(E) is Z itself.

Isbell [10] pointed out that this definition is equivalent to the following one:

Let E be a Banach space. An injective envelope of E is a pair (Z ,k) of an
injective Banach space Z and an isometric embedding x: E — Z such that
id, is the only contractive extension of id, g K(E) > Z from x(E) to Z.

Our definition of injective envelopes of operator spaces is an analogue of the
second one (see, however, Theorem 5.6). Most of this section is inspired by
Hamana [8], where he studied the injective envelopes of unital C*-algebras.

Theorem 5.2. Every operator space has an injective envelope.

Proof. Assume that E is an operator space contained in B(H). Then there
exists a minimal L*-matricial E-seminorm {p,} on B(H) and a minimal

E-projection ¢ of B(H) such that {pf} = {p,}. Then E® = ¢(B(H)) is an
injective operator space containing E as a subspace. The pair (E"’ ,idg) is an
injective extension of E, where id;: E — E? is the natural embedding map.
Let y: E* S E’ bea completely contractive extension of id. . Then

v, I, < Ix], = 116, (X, = P, (%)
for all x € Mn(E¢). We can extend y again to a complete contraction
¥: B(H) — E” such that lw,x)l < p,(x) forall x € M, (B(H)). Then
{qnv} is an L*-matricial E-seminorm on B(H) such that

{q,?} <{p,}.
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Hence we must have {qnv} = {p,} since {p,} is a minimal L*-matricial E-
projection. Now for every x € E®, we have

Ix — w(X)ll, = p,(x —¥(x)) = q{ (x - F(x)) =0.
Therefore y =id,, and (Ed’ ,k) is an injective envelope of E. O

Proposition 5.3. Let E,,E, be two operator spaces and (Z,,x,) and (Z,,k,)
injective envelopes of E, ,E,, respectively. Then for every complete isometry A
from E, onto E,, there exists a unique complete isometry A from Z, onto Z,
such that
Aok, =K,04 .
Proof. Let A: E| — E, be a complete isometry from E, onto E,. Then
-1
U=K,okok, :k,(E)— k,y(E,)

is a complete isometry from x,(E|) onto k,(E,). u can be extended to a
complete contraction A: Z — Z,. Since u_': K,(E,) — K,(E,) is also a

complete isometry, u" can be extended to a complete contraction f: Z, —
zZ,.
Then jiod: Z, — Z, is a complete contraction such that fol|, -, =id, -
Hence jio A = idzI . Similarly we have Ao jI = id22 . This implies that 4 is a
complete isometry from Z, onto Z, and Aok, =k,04.

If we have another complete isometry A* from Z, onto Z, such that At o

K, =k, 04, it follows easily from the above arguments that A=i. o

Theorem 5.4. Let E be an operator space. If (Z,,k,) and (Z,,k,) are two
injective envelopes of E , then there exists a unique complete isometry A from Z,

onto Z, such that io:cl = K, . Hence every operator space E has an essentially
unique injective envelope.

Proof. Let A=k, oxl_' : K, (E) = k,(E). Then A is a complete isometry from

K,(E) onto x,(E) and A can be extended uniquely to a complete isometry 4
from Z, onto Z,. O

Lemma 5.5. Let E C Z C B(H) and (Z,id;) an injective extension of E .
Then (Z, id;) is an injective envelope of E if and only if there exists a minimal
E-projec-
tion ¢ of B(H) such that Z = E® = ¢(B(H)).
Proof. = Since Z is an injective subspace of B(H), there exists a Z-projec-
tion ¢ of B(H) such that E®= ¢(B(H))=Z . Then ¢ isalso an E-projection
of B(H).

Let ¥ be a minimal E-projection of B(H) such that ¥ < ¢, i.e. oy =
wop =y . Then EY C E® and EY isan injective operator space containing FE
as a subspace. The identity map id,, : E ¥ - EY can be extended to a complete
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contraction A: E® — EY. Thus A: E® — EY C E’ is a complete contraction
such that 4|, = id,. Hence we have A = id, and EY = E®. This implies
that ¥ = ¢ and ¢ is a minimal E-projection of B(H).

< Suppose that ¢ is a minimal E-projection of B(H) such that Z =
#(B(H)). Let A: Z — Z be a complete contraction such that i, =id;. We
want to show that A =id, . Obviously, {qi} is an L*°-matricial E-seminorm
on Z such that

{4,y =0y =4Il Il,}-

Following the proofs of Proposition 3.3 and Theorem 3.4, we can show that
there exists a minimal L®-matricial E-seminorm {p,} on Z suchthat {p,} <
{¢/} and a minimal E-projection y of Z such that {p’} = {p,}.

Let ¥ = wo¢. Then ¥ is an E-projection of B(H) and ¥ < ¢. Thus we
have ¥ = ¢ since ¢ is a minimal E-projection of B(H). This implies that
p(x) = p;”(x) = ||x||, and then |x|, = qf(x) for all x € Z. Therefore we
have A =1id, since |x —A(x)[|, = qf(x —Ax))=0forall xeZ. O
Remark. Let E be an operator space containing 1 in B(H) and (Z,x) an
injective envelope of E. Then Z is completely isometric to a injective C*-
algebra. To see this, we assume that 1 € £ C B(H) and ¢: B(H) — B(H)
is a minimal E-projection of B(H). Then (E¢ , id;) is completely isometric
to (Z,k) and E? is an injective operator system, which is completely order
isomorphic to a unital injective C*-algebra (cf. Choi and Effros [4]). In par-
ticular, if A4 is a unital C*-algebra and (B,k) is an injective envelope of A
with k(1) = 1, then (B, k) is also an injective envelope of A4 in the category
of unital C*-algebras and unital completely positive maps (cf. Hamana [8]).

The following theorem will show that the injective envelopes of operator
spaces are the smallest injective extensions of E .

Theorem 5.6. Let (Z ,x) be an injective extension of E. Then (Z ,k) is an
injective envelope of E if and only if the only injective subspace of Z containing
k(E) is Z itself, i.e. if there exists an injective subspace Z, of Z containing
K(E) then Z, = Z.
Proof. = Without loss of generality, we may assume that E is a subspace of
Z and x = id; is the inclusion map from E into Z. If Z, is an injective
operator subspace of Z and E is contained in Z,, then the identity map
idzlz Z, — Z, can be extended to a complete contraction A: Z — Z, C Z
such that |, = id;. Hence we must have that A=1id, and Z, =Z.

< Assume that E C Z C B(H). The identity map id,: Z — Z can be
extended to a complete contraction ¢: B(H) - Z C B(H). Then ¢ is an E-
projection of B(H) such that Z = E® . If we have another E-projection y of
B(H) such that yo¢ = goy =y, we have E C E¥ C E® and EY is injective.
Then we have EY = E® and v = ¢. Hence ¢ is a minimal E-projection of
B(H) and (Z ,k) is an injective envelope of £ by Lemma 5.5. O




INJECTIVITY OF OPERATOR SPACES 103

Definition 5.7. Let E be an operator space. An extension (Z,x) of E is called
an essential extension if for any operator space F and a complete contraction
¢:Z — F, ¢ is a complete isometry if ¢ ok is a complete isometry.

Lemma 5.8. Let (Z ,x) be an injective envelope of an operator space E. Then
(Z ,k) is an essential extension of E .

Proof. Assume that E is contained in Z and x = id; . Suppose that F is an
operator space and ¢: Z — F is a complete contraction such that ¢oid; is
a complete isometry. Then ¢_': ¢(E) — Z is a complete isometry which can
be extended to a complete contraction y: F — Z. Then wo¢: Z - Z isa
complete contraction such that yod|, =id, . Hence yo¢p =id, since Z isan
injective envelope of E . This implies that ¢ must be a complete isometry. O

Theorem 5.9. Let (Z ,k) be an extension of an operator space E. Then (Z ,k)
is an injective envelope of E if and only if it is an injective and essential extension
of E.
Proof. = follows from Lemma 5.8.

< Let (2 ,k) be an injective envelope of £ and A: Z — Z a completely
contractive extension of R ox™': k(E) — Z . Then A is a complete isometry
since Z 1is an essential extension of E with Aok = k. This implies that
(A(Z),k) is an injective extension of E which is contained in the injective
envelope of (Z,J‘C). From Theorem 5.6, we have that A(Z) = Z and then
(Z ,x) is an injective envelope of E. O

Corollary 5.10. Let (Z ,k) be an injective envelope of an operator space E .
Then for every essential extension (Z ,x) of E, there exists a complete isometry
A: Z — Z such that Aok = k. Hence the injective envelope of an operator space
E is a “maximal” essential extension of E .

Proof. The first statement of this corollary follows easily from the proof of
Theorem 5.9. The proof of the second statement is trivial. 0O

Remark. Masamichi Hamana has kindly informed the author that he has inde-
pendently obtained Theorem 4.5 and Theorem 5.4 of this paper in connection
to his earlier work: Injective envelopes of operator systems, Publ. Res. Inst.
Math. Sci. 15 (1979), 773-785.
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